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^ ! Abstract 
D , 

Q ' We present a mathematically rigorous quantum-mechanical treatment of a two- 

. dimensional nonrelativistic quantum dual theories (with oscillator and Coulomb like 

CN I potentials) on a plane and compare their spectra and the sets of eigenfunctions. All 

,— i' self-adjoint Schrodinger operators for these theories are constructed and rigorous so- 

. lutions of the corresponding spectral problems are presented. The first part of the 

^P^l problem is solved by using a method of specifying s.a. extensions by (asymptotic) 

' s.a. boundary conditions. Solving spectral problems, we follow the Krein's method of 

■ guiding functionals. We show, that there is one to one correspondence between the 

G ! spectral points of dual theories in the planes energy-coupling constants not only for 
discrete, but also for continuous spectra. 

(N ■ 

> ; 

§ 1 Introduction 

(N I 

^ i It is well known [Ij, that if one introduces in a radial part of the D dimensional oscillator 

H ; {D> 2) 

> , du^ u du \ 2 J 

^ ■ (here R is the radial part of the wave function for the D dimensional oscillator {D > 2) and 

j^. L = 0,1,2, ... are the eigenvalues of the global angular momentum ) r = v? then equation 
(11. ip transforms into 



dr^ r dr h? \ r 

2 

where d = D /2 + 1 I = L/2 £ = — a = E/A, which formally is identical to the radial 
equation for d-dimensional hydrogen atom. 

Equations (11.11) and (II. 2p are dual to each other and the duality transformation is r = u^. 
For discreet spectrum of these equations (and wave fuctions regular at the origin) it was 
proved, that to each state of equation (II. ip corresponds a state in (II. 2p . and visa versa jElE]. 
However the correspondence of the states in general (for discrete, as well as continuous 
spectra and for all values of the parameters of the theory) the problems was not considered. 
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In [1] we constructed all self-adjoint Schrodinger operators for nonrelativistic one-dimen- 
sional quantum dual theories and represented rigorous solutions of the corresponding spectral 
problems. We have shown that there is one to one correspondence between the spectra of 
dual theories for discreet , as well as continuous spectra. 

In this paper will solve the quantum problem of two dimensional quantum dual theories 
(with oscillator and Coulomb like potentials ) on a plane and compare their spectra and the 
sets of eigenfunctions. As it was in one dimensional case, we again have a correspondence 
of the states for all values of the parameters Eq-, A, Ec-, and g, except when the angular 
momentum m = 1, when the duality is one-to-one only in the case of parameter of s.a. 
extension ( = n /2 (see below in coulomb case). We have similar situation for dual models 
on two dimensional pseudoshpere. The interest to these models was stimulated also by 
the fact that among the theorists dealing with similar problems exists a notion, that the 
"Hamiltonian isn't self adjoit at high energies" [5]. In section 2 we will consider the quantum 
problem for the oscillator, will find solutions of the equation for all values of the variable and 
parameters. In Section 3 we will consider the quantum problem for Coulomb-like system. 
The results will be compared in section 4, where we will show the one-to one correspondense 
of the spectra and proper functions of the Hamiltonians of both problems. 



2 Quantum two- dime ntional oscillator-like interaction 
on a plane 

2.1 Reduction to radial problem 

In the case under consideration, the initial differential operation is Hp = H, 
H = -A + Xu', u = iu,,uy), A = dl+ dl =dl + -du + 



the space of particle quantum states is the Hilbert space i^o = = L"^ (M^) of s.-integrable 
functions '?/'(u), , with the scalar product 

(V'15'^2) = j ^i(u)'?/'2(u)(ip, dvL = duxduy = ududifu-, u G M4-, E [0,27r]. 

A quantum Hamiltonian should be defined ClS db S.db. operator in this Hilbert space. 

The construction is essentially based on the requirement of rotation symmetry which 
certainly holds in a classical description of the system. This requirement is formulated as 
the requirement of the invariance of a s.a. Hamiltonian under rotations around the origin. 
As in classical mechanics, the rotation symmetry allows separating the polar coordinates p 
and if and reducing the two-dimensional problem to a one-dimensional radial problem. 

The group of rotations 5*0(2) in naturally acts in the Hilbert space S) by unitary 
operators: if 5* G 50(2), then the corresponding operator Us is defined by the relation 

The Hilbert space is a direct orthogonal sum of subspaces S)m, that are the eigenspaces 
of the representation Us, 
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where 6 is the rotation angle corresponding to S and .Pm is an orthohonal projector on 
subspace S)rn- consists of eigenfunctions V'm(u) for angular momentum operator = 
-ihd/d^u, = -^-^e^-^"/™ («), where {u) G fiom = hm = is the 

Hilbert space of s.-integrable functions on the semi-axis M+ with scalar product 



= / f{u)g{u)du. 

We define an initial symmetric operator Hq = H associated with H as follows: 

Dh = {V'(u) : ^ e V{R^\{0})} 
Hijj = Hip, MipeDu 

where 'D(M2\{o}) is the space of smooth and compactly supported functions vanishing in a 
neighborhood of the point u =0. The domain Dh is dense in S) and the symmetricity of H 
is obvious. It is also obvious that the operator H commute^ with the unitary operators f/5,. 

•mail 

Operators / which commute with the operators tJs, we will call rotationally- invariant. Such 
operators can be represented in the form 

/ ^ ^ fmi fm Pmf 1 

and fm are s.a. operators in sufspaces S^m- 

In the polar coordinates u, (fu the operation H becomes 

H = -dl- u-^du + -u-^dl^ + Xu\ 

Represent '4){\i) G in the form 



1 1 r"^^ 1 

^(u) = V ^„(u), ^„(u) = __=e™^"/^ {u) , U{u) = V^ dy,^-=e-''^^-ij{u). 
Then we have 

y/u y/2TT 



where hom = hm is a symmetric operator defined in the Hilbert space i)rn'- 

? f D,„ = {/(«):/(n)Gl?(M+)} 

""\hmf = hnj, V/ G hm = -dl + u-\m^ - 1/4) + W ' 

Let h^rn is a s.a. operator associated with the differential operation /im-in the Hilbert space 
Then the operator i^em, 

4m^n^(u) = ^^e*'"^^^^^, (m) , (n) G (2.1) 
a/m V27r 



^We remind the reader of the notion of commutativity in this case (where one of the operators, Us, is 
bounded and defined everywhere): we say that the operators H and Us commute if UsH C HUs, i.e., if 
i> e Dh, then also Us'tp G Dh and Us&i^ = HUsi' 
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is a s.a. operator operator associated with Hm-i^ the Hilbert space Sj^ and operator H^, 

= y^^® H^rn, (2.2) 

meZ 

is a s.a. operator in the Hilbert space S^. 

Conversely, let be a rotationally invariant s.a. extension of H. Then it has the 
form fl2.2p . where H^m are s.a. operators in S)rn- The operator acts in subspace S^m by 
the rule (12.1 p with some operator h^rn which is obviously a s.a. operator associated with the 
symmetric operator hm in the Hilbert space 

Thus, the problem of constructing a rotationally-invariant s.a. Hamiltonian is thus 
reduced to constructing s.a. radial Hamiltonians h^m- 

2.2 |m| > 1, A > 

2.3 Useful solutions 

We need solutions of an equation 

{hm - W)ij{u) = 0,hm = -dl + u-^m" - II A) + \u\ (2.3) 

where fi^W/2m is complex energy, ^^A/2m is a coupling constant, 

W = |Vr|e^'^^, < ^vi/ < TT, ImW >0, 

and for A, we will use the representation A = 

It is convenient for our aims first to consider solutions more general equation 

\-dl + M-2((m + 5)2 - 1/4) + - W\>\)[u) = 0, \6\ < 1. (2.4) 

Introduce a new variable p = {xuY, du = 2xy/pdp, = Ax'^lpd^ + {l/2)dp], and new 
function 0(p), ipiu) = p^/^+\'^+^\''^e-p''^(p{p). Then we obtain 

pdlM + {Ps - p)dpM - asM = Ps = l + \m + 5l (2.5) 
= 1/2 + |m + 5\/2 -w, w = wq = WjAx^. 

Eq. fl2.5p is the equation for confluent hypergeometric functions, in the terms of which 
we can express solutions of eq. f l2.4p . We will use the following solutions 

01, „,5(n; W) = (/co^^)'/'+l'"+'le-^/2^(a5, (3s; p), (2.6) 

/ \l/2-|m+<5| 

02, mAu; W) = ^ ° !^ , e'^/'^a^^s, P-,s; p), (2.7) 

Ow(u;l^) = (/€on)^/'+l™+'le-^/2vI/(a,,/35;p) = 

T{-\m + 6\) ^ ,,,, , (/.o/x)2|-+^lr(|m + 5|)r(/3_,,) ^ 

I(a-,<5j ' I(a<5) 
= 1/2 - |m + 5|/2 - w, /3_^s = 1 -\m + 6\. 

Note that Oi^rn,s{u] W) and 02,m,s{u] W) are real-entire in ly solutions of eq. (12.41) . 
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Represent 03 ^,5 in the form 



(ft:o/x)^l"'+^lr(|m + ^|) 
0,,^,s{u; W) = r(/3_,5) [02,mAu; W) - A^4W)0,,^4u- W)] , 



(2.8) 
(2.9) 



(/s:o/x)-2Hr(a) r(a) 



r(/35)r(«_) ' r(a_) 



_ a)\^\, (1 + x)h = (1 + x) ■ ■ ■ (|m| + x), 

(2.10) 



R m/^ r(-|m + ^|) , (/.o/x)^i-+^ir(|m + ^|)r(/3_,,) ^ 



r(a-,<5) 



T{a5) 



T{-\m + 6\) 

r(«„) 



r(tt-,5) 



1(05) 



a = ao = 1/2 + |m|/2 — w, «_ = a„^o = 1/2 — \m\/2 — w, (3 = f3o = 1 + \m\, 

04^m,5{u; W) is real-entire in W. 

We obtain the solution of eq. fl2.3p as the limit 5 — t- of the solution of (12. 4p : 

Oi,™(n; W) = Oi,„,o(m; W) = M'/'+^^^e-''/^^a, f3; p), 
Oi,m{u] W) = lim04,„,5(u; W), 

(5— 5>0 



03,m(w; W) = (/tow)^/2+He-P/2vi>(«^^.p) = 
= BAW)0,,Au; W) + CUW)0,,Au; W), CUW) 



(fi:o/x)2Hr(|m|) 



where we used relations. 



2r(/3)r(a. 



Via) 

a_) + ipi^a) — 41n(Ko/x)] . 



|m + 5| = \m\ + 6m, 5m = 5signm, T{—\m + 6\) 



(-1)1 



m|+l 



5™r(/3) 



r(c:^^) 

r(a_,5) 



l + (5^V^(a_)/2, 



1(05) 



(2.11) 



1 - (5^?/'(a)/2, (ko/x)2^'" = 1 + 2(5™ln(«:o/x) 



2.3.1 Asymptotics, m — )■ (p — )■ 0) 



(«:on)^/'+H(i + o(n2)), 

0(^2) 



(KqM) 



l/2-|m| 



1 + 



Iml > 2 



0{u \nu), \m\ = 1 



o,Uu; w) ^ .CAW)M^I-^-^ (1 + 1 o^i In.) jLt! 1 



(2.12) 

Im > or = 0. 

(2.13) 
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2.3.2 Asymptotics, u ^ oo (p ^ oo), Im > or = 

l/2+\m\ 2a-2l3-n(o\ 

03,m(«; W) - /^^/'+l'"lx-2"«-V2+2-e-''/2(i + 0{u-^)). 

2.3.3 Wronskian 

Wr(Oi,„, O3, J = -2i^^\m\C^{W) = -uj{W). (2.14) 
2.4 Symmetric operator /i^ 

For given a differential operation hm we determine the following symmetric operator hmi 

h^.[^^--m^l (2 15) 



2.5 Adjoint operator /i+ = 

(in this file, the subindex "O" is omitted) 

^+ . I = ^L(^+) = ^* ^-^^ ^ (2 16) 

2.5.1 Asymptotics 

I) \u\ 00 

Because V^(m) > — (|A| + l)v? for large m, we have: ['?/'*, %*](«) ^ as — >■ 00, V-j/'^jX* e 
II) w ^ 

Because /i^V'* £ we have 

hmi^^{u) = (-a^ + ^-^(m^ - 1/4) + \v?)ip^{u) = r7(M), 77 e 
General solution of this equation can be represented in the form 

il*{u) = aiOi^rn{u\ 0) + a20i^rn{u\ 0) + /(it), 

€{u) = aiOi,^(it; 0) + a^O'^^^iu- 0) + /'(it). 



where 



Q3,m(«;0) . ..... , Qi,m(«;0) . ..... 

Jo Ju 

W ^ ^(0) — C>i,^(i;; ^)y]{v)dv + ^^^^ — y O^^Jyv; 0)r]{v)dv 



6 



We obtain with the help of the Cauchy-Bunyakovskii inequahty (CB-inequahty): I{u) is 
bounded at infinity and 

T( \ - f 0(^3/2), \m\ > 2 P( \ - ! 0(^1/2), \m\>2 

\ 0(^3/2 In m), \m\ = l ' ^^""^-{Oiu'/^lnu), \m\ = 1 ' " ^ 

The condition G L2(]R^) gives ai = 02 = such that we find 

= < 3/21 Nil 1 ) ^*(") = ^ ^) 1/2V \ I I 1 , u-)- 0, (2.17) 
^ ' [ 0(m''/'' Inw), \m\ = 1 *^ ' y 0{u^i^mu), |m| = 1 ^ ' 

and = = 0. 

2.6 Self- adjoint hamiltonian /i^e 

Because 0;^+ (x^, ■?/'^) = = (and also because Oi^m(M; W^) and 03^m(-u; VT) and their 

any linear combinations are not s.-integrable for Iml4^ 7^ 0), the deficiency indices of initial 
symmetric operator hm are zero, which means that /i^c = is a unique s.a. extension of 
the initial symmetric operator hm'- 

( Dh =Dl (M+) 
hmz ■ i - - ■ (2-18) 

2.7 The guiding functional $(^; W) 
As a guiding functional $(^; W^) we choose 

POO 

m W) = / Oi,„(m; l^)e(w)t;M, e e D = D,(R+) n D;,„„. (2.19) 
Jo 

Dr{m+) = {^{u) : suppe C [0,(3^], (3^ < 00}. 

The guiding functional $(^; VT) is simple. It has, obviously, the properties 1) and 3) and 
we should prove the properties 2) only (see [B], pages 245-246). Let $(^o;-^o) = 0, ^0 ^ 
Eq G M. As a solution ■?/'(«) of equation 

(hm - Eq)iP{u) = ^o(m), 

we choose 



00 pu 







where U{u) is any solution of eq. {hm — Eq)U{u) = satisfying the condition Wr(Oi,m, U) = 
— 1. Because i^o £ -Dr(IR+), the function ip{u) is well determined. Because ^0 £ -Dr-(IR+) and 
Jq Oi^m{v; Eq)C,o{v) = for m > (3^^, we have ipi^u) = for m > Using the CB-inequality 
we show that ip{u) satisfies the boundary condition f l2.17p . that is, ^p e3. Thus, the guiding 
functional $(^; W) is simple and the spectrum of hmi is simple. 



7 



2.8 Green function Gm{u,v;W), spectral function (Jm{E) 

We find the Green function Gm{u, v; W) as tlie kernel of tfie integral representation 



^p{u) = / Gmiu,v;W)ri{v)dv, T] e L 



2/ 







of unique solution of an equation 

(hmc - W)i;{u) = ri{u), ImW > 0, (2.20) 
for ip G Dh^^. General solution of eq. (12.201) can be represented in the form 
^p{u) = aiOi^rniu; W) + aaOs^rniu; W) + I{u), 

I{u) = — / Os^m{v;W)r]{v)dv+ — / Oi^m{v;W)7]{v)dv, 

^{W) Ju uj{W) Jo 

I{U) = 0{U ^/^) ,U^OO, I{U) = I ^ ^^3/2^,;) ' ^1 = 1 ' ^ ^ 0- 

A condition ip G L^(M+) gives ai = = 0, such that we find 

r w\ - ^ / <^3,m(M; W)Ox,^{v- W), U>V _ 
'"^ ' ' ' u{W) \ Oi,™(«; W)0,,m{v. W).u<v 

= nuw)0Uu; w)0Uv; w) + ^l '^':-t Zln '^fj. wl' ! ^ ! > (2.21) 



2Ko\m\ \ Oi,^m{u;W)04,m{v;W), u<v 
B^W) _ [41n(Ko/><)-^(a)-^(«_)](l-«)H 



u{W) 4Ko(Ko/x)2lHr2(/3) 
Note that the last term in the r.h.s. of eq. (I2.21|) is real for W = E. From the relation 

Ol^{uo;E)a'^{E) = - ImG^uo - 0,uo + 0; E + lO), 

71 

where f{E + iO) = lim,^+o f{E + ie), yf{W), we find 

a'^{E) = -ImQ^iE + iO). (2.22) 

TT 

2.9 Spectrum 
2.9.1 ^ > 

It is convenient to represent the function Qm{W) in the form 



2«o(«:o/x)2Hr2(/3)' 



n.UW) ^ (V><)--H[41n(.o/x) H-E.(.)](l-.),H ^ 
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where we used relation 



\m\ 

1=1 

such that we have 

^LiE) = --^^^J^ (1 - ^)\m\\w=E 1^^(1/2 + H/2 -{E + .0)/4v^) 

The function ip{a.) is real ioxW = E where !'?/'(«) | < c>o. Therefore, cr^(-E) can be not equal 
to zero only in the points ilj{a.) = ±oo, i. e., in the points a = —n, n G Z+, or 



E„ = 2y/X[l + \m\ + 2n]. 

In the neighborhood of the points En we have {W = En + A, A = E — En + ie, a 
-n - A/4yA) 

lmtP{-n- A/A^/X) = -AtiVX5{E - En), (l-a)^!^^^^ = (l+n),™,, 
We thus find 



spec/ime = ri G Z+}. 



|m|! y Ko 



2.9.2 E <Q 

In this case, we have a = 1/2 + \m\/2 + \E\, the function Qim{E) is real and cr[„(-E') = 0. 

Finally: the spectrum of hm,. is simple and discrete, spec/i^c = {En > 0, n G Z+}, and 
the set of functions {Umniu) = QnOi^miu; En), n G Z+} forms a complete orthonormalized 
system in L^(M+). 

2.10 |m| > 1, A < 

2.11 Useful solutions 

Here we again will begin with the solutions Oi^m,s{u;W), 02^m,s{u;W), 03^m^siu;W), and 
Oi,m,s{u; W) which are given by eq. ([2SD, (E2D il2^ - fl^TI]) . where 



= e-^"/2 v^w^ a = 1/2 + |m|/2 - iw, w = = W/{A^/\X\), 
a = 1/2 + \m\/2 + iw = a{w), 

The functions Oi^ni,5{u; W), 02,m,5iu; W) and 0/i^m,6iu; W) are real-entire in W . Indeed, 
we have 

Oi,raA^;W) = (Kon)V2+l™+^le^/2$(a,|^^__,/3,;-p) = 
= {Koufl^+\^+'\e~''/H{as\^^^,Ps;p) = Oi,„,,(n;W), 
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where we used the identity GradRy9. 212.1 Analogously, we find 



02,mMW) = 02,mA'^;W). 

The real-entireness of Oi^rn,5{u] W) follows from the fact that Oi^m^siu; W), 02,m,s{u; W), and 
^m,(s(W^) are real-entire in W. 

2.11.1 Asymptotics, n — )■ (p — )• 0) 

Asymptotics of Oi^m,s{u] W) and 03^m,s{u] W) are given by eqs. fl2.12p and fl2.13p . 

2.11.2 Asymptotics, u ^ oo (p — —zoo), ImW > or W = 

l/2+\m\ 2Q-2/3p//0\ 

0,,m{u; W) = ^ ^--^u~"'-'-e^'\l + 0{u-')) = 

la 



= 0(^i-l/2+ImW//2^|A|^^ 



2.11.3 Wronskian 

The Wronskian of Oi^rn.,5{u', W) and 03^rn,5{u', W) is given by eq. (12.14p . 

2.12 Symmetric operator hm, adjoint operator h'^ = /i*^, s.a. hamil- 
tonian hmc, guiding functional ^{^; W), Green function Gm{u, v; 
spectral function (Tm{E) 

These quantities are given exactly by the same formulas fl235D . fl216ll . fl218l) . fl219ll . (E^I]), 
and fl2.22p for the corresponding quantities of previous section. 

Let us study the structure of exp. fl2.22p for a'^{E). 

Let \m\ = 2?7, + 1, n G We have 

n 

n 

Imipla) + Im '?/'(«_) = Im'?/'(1 + n — ie) + Imipl—n — ie) = — tt coth(7re), 
ln(/€o/x) = z7r/4 + ln(/s:o|A|-^/^), e = ^/4v^, 

and 

a'^iE) ^ pUE) = |rfi§y[coth(7re~) + 1] > 0. 



10 



Let |m| = 2n, n G N. We have 

n-l 



(«:o/x)-2H = (_,)H(^/^2yH, (1 _ «)|^| = ,IH + 1/2)2 ^ g2i 



n-l 



Im'?/'(a) + limp{a^) = Im^/'(l/2 + n — ze) + lmilj{l/2 — n — ie) = — 7rtanh(7re) 
ln(/«o/x) =z7r/4 + ln(/€o|A|-i/^), 



and 



= p^(£;) = + tanh(vrg)] > 0. 



The function a'^{E) is absolutely continuous for any E E 'R, such that we obtain: the 
spectrum of /i^c is simple, continuous and it fills out real axis, speckle = M.The set of 
(generalized) eigenf unctions {UmE{u) = pm{,E)Oi^m{u] E), E eM.} oi hmc forms a complete 
orthonormalized system. 

2.13 |m| > 1, A = 

2.14 Useful solutions 

Here we set 5 = at once. Eq. (12.31) is reduced to the form 

[-dl + u-\m'^ - 1/4) - W]tlj{u) = 0. (2.23) 

The solutions of eq. (I2.23P are expressed in the terms of the Bessel functions. We use the 
following solutions: 

Oi,m{u;W) = D,^m{Wy/^J\:^\{Ku), D^^miW) = /€;/'r(/3)(ir/2/co)-l"^l, 
03,m{u; W) = tD,^UWy^^Hl^^{Ku), Ds^UW) = 7rf^'J'r-\f3 - l)(ir/2/to)l"l, 

0,,m{u; W) = Ds,m{Wy/^ 

2 



2 

N\^\{Ku) - - J\^\{Ku) ln(ir/Ko) 



Oz,m{u]W) = 7T\m\uJm{W) 



2.14.1 Asymptotics, li -> — f 0) 

Oi,„(ii; W) = (k„ii)"=+H(i + 0(11=)), 
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2.14.2 Asymptotics, u ^ oo (z ^ oo), ImH^ > {ImK > 0) 



2.14.3 Wronskian 



m 



2.15 Symmetric operator ^ 

For given a differential operation hm — —dl + u~'^{rn^ — 1/4) we determine the following 
symmetric operator hmi 



2.16 Adjoint operator h^ = h 



* 

m ' "m 



^+ . I Dht = DIJ^+) = {^*, are a.c. in R+, h+tj;, e L''{R+)} 

2.16.1 Asymptotics 

I) \u\ — )■ oo 

Because V{u) > — (|A| + l)u^ for large u, we have: ['0*,X*](m) ^ as m ^ oo, \/ip^,x* G 

^//+. 

II) ^ 

Because ^,^■0* £ -^^(I^)) we have 

hmM^) = [-dl + M^'K - 1/4)]^* («) = r/(M), r/ G L2(M+). 
General solution of this equation can be represented in the form 

„,l/2-|m| /-n l/2+|m| fxo 

2|m| Jo 2|m| J„ 

/„,l/2-|m|y /•« (,,l/2-'iii'y rxo 

I'{u)= M ^V2+H^(^;)^^;+i!i_^^ / ^;V2-H^(^)^^ 

^l^^l Jo 2|m| 7„ 



where 
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We obtain with the help of the Cauchy-Bunyakovskii inequahty (CB-inequahty): I{u) is 
bounded at infinity and 

/ 0(«3/2), \m\ > 2 T'( ^- S 0{u'^^), \m\>2 

^""^ ~ \ 0{u^/Hnu), \m\ = l ' ^ - \ 0{u'/Hnu), \m\ = 1 ' " ^ 

The condition ip^{u) G gives ai = 0, such that we find 

m| > 2 

0(^3/2 In m), 
and Uf^+ix*,^*) = ^h+ii^*) = 



= 1 0(^/3/2 In m), |m| = l ^'^*^''> = \0{u^'Hnu), \m\ = I ' " ^ 



2.17 Self-adjoint hamiltonian hmz 

Because a;^+ (x*, V'*) = = (and also because Oi^miu]W) and Oa^ml^; VT) and 

their linear combinations are not s.-integrable for Imiy 7^ 0), the deficiency indices of initial 
symmetric operator hm are zero, which means that hmc = h^\s a. unique s.a. extension of 
the initial symmetric operator hm'- 



D,^^ = Dl (M+) 

hmti^^iu) = hm^p^{u), Wtp^ e Dh„ 



2.18 The guiding functional 

As a guiding functional $(^; W) we choose 

POO 

Jo 

Dr{a,b) = {tp{u) : supptp C [a,/3^], < 6. 
The guiding functional $((^; VT) is simple, and the spectrum of hme is simple. 

2.19 Green function Gm{u,v;W), spectral function am{E) 

We find the Green function Gm{u, v; W) as the kernel of the integral representation 

POO 

Hu) = / Gmiu, V- W)Tl{v)dv, 7] G L'(M+), 

Jo 

of unique solution of an equation 

(hmc - W)i;{u) = ri{u), ImW > 0, (2.24) 
for ip G Dfi^^. General solution of eq. (12.241) can be represented in the form 

^{u) = aiOi^rniu; W) + a^Os^rniu; W) + I{u), 

H'^) = ^ — 03,m{'^;W)ri{v)dv + — — Oi^m{v;W)ri{v)dv, 
2Ko\m\ 2Ko\m\ Jq 

T/ \ ( -3/2\ 11 \ \ O (u^/^) , Iml > 2 

I{u) = 0{u ,u^oo, I in) = I ^ J,^3/2{,^) I ^ ^ , « 0. 
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A condition ip G L^(]R_|_) gives ai = = 0, such that we find 



G^{u,v-W) 



1 



0^.rr,{u]W)Oi^rn{v]W), U>V 



2Ko\m\ \ Oi,„(m; W)0^^^{v] W).u<v 

1 r 04,™(m; W)Oi^^{v] W), u>v 



n^{W)Oi^m{u-W)Oi^m{v-W)- 



2Ko|m| \ Oi^m{u]W)Oi^^{v]W), u<v ' 



(2.25) 



^miW) ^ l^^^m{W)[^ - (2/vr) ln(ir/«:o)] = \r;^^^V " (2/vr) ln(ir/«:o)]. 



Note that the last term in the r.h.s. of eq. (12.251) is real for W = E. We find 

1 



71 



2.20 Spectrum 
2.20.1 E =p2 > {K = p) 



a'jE)=plXE), Pm{E) 



,|m| 



v2Ko|m|! 

The spectrum is simple and continuous on whole nonnegative ii^-semiaxis. 
2.20.2 ^ = -r2 < 

In this case, we have K = e^'^/^r, the function Vlm{E) is real and a'^{E) = 0. 

Finally: the spectrum hm^ is simple and continuous, spec/imc = {E > 0}, and the set of 
functions {UmEiu), E > 0}, 

UmE{u) = Pm{E)Oi^rn{u; E) = ^/uj2 J \m\{pu) , 

forms a complete orthonormalized system in L^(]R_|_). 

Note that the results of this section can be obtained as limit A — > of the corresponding 
results of previous sec. 3. 

Indeed, we have 

-iy/4x2)'=r(/3) X^^^M^fc 



lim Oi,„(m; W)\^^^^ = {kqu 



,l/2+|m| 



(i^/2«:o)-l"lr(/3) 



A:=0 

oo 



(^V2)l™l$^ 



fc=0 



T{(3 + k) k\ 
T{(5 + k)k\ 



Further, we have for a'^{E) 
i) E > 



lim a;, (E) I 



A-s>-0 



A<0 



2/€or2(/3) 



E 



\m\ 



ii) E < 



iii) E = 



A<0 



0. 
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2.21 m = 

2.22 Useful solutions 

For m = 0, eqs. (12.31) and (12. 4p are redused respectively to 

{-dl - u-^A + W - W)4){u) = (2.26) 

and 

[-dl + u-^{5^ - 1/4) + Am^ - W]i;iu) = 0. 
We will use the following solutions of eq. (I2.26P 

Oi,o(m; W) = Oi,o,o(w; W) = {Kouy/^e'P^^^a, 1; p), 

03,o{u; W) = 03,o,o(w; W) = {Kouy/^e-P^^'^ia, 1; p) = 

1 [a) 1 [a) 

a = 1/2- w, uJo{W) = 2 ln(/to/x) + 2ip{l) - ^(a). 

2.22.1 Asymptotics, u — 

We have 

Oi,o{u; W) = {Kouy/^l + 0{u^)), 02,o{u; W) = {nouy/^ + 0{u^)), 



03,o{u;W) = 
2.22.2 Wronskian 



1 [a) 1 [a) 

2ko 



Wr(0i,o,03,o) 



r(«) 

2.23 A>0(x = Ai/4) 

2.23.1 Asymptotics, u ^ oo, ImW > or W = 

We have 

1/2 _i_2io 

T{a) 

Os,o{u; W) = /s:;/'x-i+2»^-i/2+2^e-P/2(i + ©(m^^)). 

2.23.2 Symmetric operator Hq 

For given a differential operation /iq = —d^ — m~^/4 + Au^ we determine the following 
symmetric operator ho, 
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2.23.3 Adjoint operator = 



^+ 



Asymptotics I) u' — oo 

Because V{u) > — (|A| + for large u, we have: [ip^, x*]{u) — )■ as m — > oo, Wip^, x* G 

II) M -> 

By the standard way, we obtain 

^'M = c,u[M + C2U,Ju) + 0{u'/'\nu), (2.29) 

For the asymmetry form Af^+{ilj^,), we find 

^h+ii'*) = f^oic^ci - cTcz) = mo(c7c+ - cTc.), (2.30) 
1 , 

C± = ±«C2). 

2.23.4 Self-adjoint hamiltonians 

The condition A;j+ (■?/') = gives 

ci cos C = C2 sin C, C = ^ - vr/2, |C| < 7i/2, ( = -vr/2 ~ C = vr/2, 



or 



^(u) = C^a,(u) + 0(^3/2 ^/(^) = C^'^^{u) + 0{u^/Hnu), (2.31) 

V'as(M) = ^^las(M) sin ( + M2as(M) COS (• 

We thus have a family of s.a. /loc, 

r -D/j(j^ — {'?/'€ -D/1+, 'ip satisfy the boundary condition (12.311) 
h()r : \ ^ ~ . (2.32) 

2.23.5 The guiding functional 

As a guiding functional $((^; W) we choose 

POO 

$c(e; W) = / U^iu; W)au)du, e e Dc = A.(M+) n D/,,^. (2.33) 
Jo 

.U^{u- W) = Oi,o(m; W) sinC + 02,o(m; VT) cosC, 

[/((■u; W) is real-entire solution of eq. (I2.26P satisfying the boundary condition (I2.3ip . 
The guiding functional $((^; W) is simple and the spectrum of Hq^^ is simple. 
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2.23.6 Green function Gi^{u,v;W), spectral function cr({E). 

We find the Green function Gi^{u, v; W) as tlie kernel of the integral representation 



Jo 

of unique solution of an equation 

(V - W)tp{u) = ri{u), Im ly > 0, (2.34) 

for ip G DhQ^. General solution of eq. fl2.34p (under condition -i/^ G L^(M-|_)) can be represented 
in the form 

^{u) = aOs,o{u; W) + ^Oi,o(m; W)UW) + ^^I{u), UW) = H Os,o{v- W)r]{v)dv, 

ZtZo ZtZQ Jq 

pu pu 

I{u) = 0^fl{u-W) Oi,oiv;W)r]{v)dv - 0,,oiu;W) 0;,oiv;W)7]iv)dv, 
Jo Jo 

I{u) = O [u^/^lnu] , u^O. 
A condition ip G Dh^^ ^ {i.e.ip satisfies the boundary condition fl2.3ip ) gives 

r2(a)cosC 1 



a 



7]3{W), io^iW) = -uJo{W)cosC + smC, 



(2.35) 



4kooo^{W) " ' 2 

(u, v; W) = n(;{W)U<;{u; W)U^{v; W) + 

]_ ( Uc;{u;W)U^{v;W), u>v 
^ \ f/c(M; W)U^lv] W),u<v ' 

-cW = ^-o(lV)-C-cosC, 

Ui^{u- W) = Oi,o(u; W) cosC - 02,o(m; W) sinC, 

where we used an equality 

T{a)03,o{u; W) = 2u^{W)Ut;{u; W) + 2ujt;{W)Ut;{u; W). 

Note that the function f/^(u; W) is real-entire in W and the last term in the r.h.s. of eq. 
flOSjl is real for W = E. For (t^(S), we find 

aUE) = -lmn^{E + iO). (2.36) 

2.23.7 Spectrum 

( = 7i/2 First we consider the case ( = 7r/2. 

In this case, we have ?7^/2(m; W) = Oifi{u; W) and 



a'^/,{E) = ImV^(l/2 - {E + iO)/4VX), 



2txkq 
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E > In this case, we find 

a'^/,iE) = V ^SiE - £^ = 2v^(l + 2n), 

spec^07r/2 = {^n, n G Z+}.. 

< In this case, we have a = 1/2 + \E\/A\/X, the function ujo{E) is real and 
a',{E) = 0. ^ 

Finally: the spectrum hT,/2 is simple and discrete, spec^7r/2 = {^n > 0, n G Z+j, 
and the set of eigenfunctions {Un{u) = Koy/'^Oi^Q{u; Sn) , n G Z+j forms a complete 

orthonormalized system in L^(R+). 

Note that these results for spectrum and the set of eigenfunctions can be obtained from 
the corresponding results of sec. 2 by formal substitution \m\ — )■ 0. 

The same results we obtain for the case ( = —tt/2. 

\(\ < Ti/2 Now we consider the case \(\ < Tr/2. 
In this case, we can represent (j'^{E) in the form 

<(^) = ^I^TT^rrm' /cW = /W+tanC, 

^ VTKoCOS^C J([E + lO) 

f(W) = ujo{W)/2, f\E) = 4VXda'^{a)/8VX > 0, a ^ -n, n G Z+. 

The function f{E) has the properties: f{E) -> — oo as E —> = — oo; j{En ± 0) = =Fc>o, 
n G Z_|_; in any interval n G Z+, jiE) increases monotonically from — oo to oo as 

E run from En-\ to En- 

The function f^^{E) is real in the points where f(^{E) ^ therefore <j'^{E) can be not 
equal to zero only in the points En{() satisfying the equation f({E) = or 

The described above properties of function f{E) imply the following structure of discrete 
spectrum: in each interval energy n G Z+, for fixed ( G (— 7r/2, 7r/2), exists only 

one solution En{C) oi eq. (I2.37P monotonically increasing from £n-i + to — as C run 
from 7r/2 to — 7r/2. Note the relation 

lim EniC) = lim -E'„+i(C) = Sn, n e Z+. 

Finally we obtain: 

<iE) = E QisiE - K(c)), Q„ = ^c^T^wrm > °' 

„ez+ cos; kq^Ko/'(E„(()) 

the spectrum of /iqc is simple and discrete, spec/io( = {En{C): ^ ^ ^+}) the set = 
QnU(;{u; En{C)}, u E Z_|_} of eigeufunctious of /iqc forms the complete orthohonalized system 
in L^fM. ). 
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2.24 A < (x = e-'''l^\\\^l\ p = e-^'^/^lA] ^V, w = ie) 

2.24.1 Asymptotics, m — )■ cx), Im > or = 
We have 

1/2 -l-2ie 

r(a) 

2.24.2 Symmetric operator /iq, adjoint operator = 

Symmetric operator is given by eq. f l2.27p . adjoint operator Kq = is given by eqs. 

i^M - (ESni) 

2.24.3 Self-adjoint hamiltonians ho^^, guiding functional 

There are a family of s.a. hamiltonians Iiq^ given by eqs. (I2.32p . fl2.3ip (with substitution 
C — )■ -(9), a simple guiding functional ^^{^-jW) is given by eq. fl2.33p (with substitution 
C — )■ ^9). The spectra of the s.a. hamiltonians /zq^ are simple. 

2.24.4 Green function Gi}{u,v;W), spectral function (t^{E) 

The Green function G^{u,v; W) is given by eq. (12.351) and the derivative of the spectrum 
function cr'^{E) is given by eq. (I2.36P (with substitution ^ — > i?). 

2.24.5 Spectrum 

In this case, cr'^iE) can be represented in the form 

'^^ ^ /€o(A(E)cost9 + 2sin?9)2 + 7r252(E)cos2^9 "^''^ ^' 
A(E) = Rewo(^), 5(^) = TT"^ Imwo(^) = (1/2)[1 + tanh(7re)] > 0. 

We see that cr'^{E) is positive a.c. function on whole i?-axis, such that we obtain: spectrum of 
ho^ is simple and continuous, spec/ioi? = The set of generalized eigenfunctions {U^e{u) = 
p^{E)U(^{u] W), e M} forms a complete orthonormalized system in L2(]R+). 

2.25 A = 

For A = 0, eq. (12.260 is reduced to 

{dl + u-y4 + W)^{u) = 0. (2.38) 
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2.25.1 Useful solutions 

We use the following solutions of eq. f l2.38p : 

Oi^o^{u-W) = {K^uf/^UKu), 

02,oo(m; W) = ^(Kon)i/2 {no{Ku) - - [HK/2k^) - ^(1)] ^Ku) 
= (/toM)l/Vo(KM)ln(KoM) + {Kouf/^Q{z), z = Wu^, 

fc=l ^ ■'^ 

03,oo(m; ly) = --^{Kouf'^Hi^\Ku) = -a;oo(Vr)Oi,oo(«; W^) + 02,oo(n; W^), 
= W^'^ = ^/\W\e''^'^/\ ooooiW) = in/2 + ^(1) - ln{K/2Ko). 
Note that Oi^oo(^; W^) and 02,oo(^; W^) are real-entire in W. 

Asymptotics, m — )• We have 

03,oo(m; VT) = -u;oo(W^)(/ton)'/'(l + 0{u^)) + {kouY^^ \nM{l + 0{u^)). 

Asymptotics, u — > oo, Iml^ > (ImK > 0) or 14^ = We have 

Oi,oo(«; W) = e-^^^---/'\l + 0{u-')) = 0(e"i-^), 

Wronskian We have 

Wr(Oi,oo, 03,00) = /«o- 

2.25.2 Symmetric operator h^Q 

Symmetric operator /loo associated with s.a. differential operation /loo = — — u^ /A is given 
byeq. ^M). 

2.25.3 Adjoint operator h^^ = h^Q 

Adjoint operator Hqq = Hq^ is given by is given by eqs. ( I2.28P - f l2.30p with substitution hoo, 
hoo, and /iqq for Hq, Hq, and h^. 

2.25.4 Self-adjoint hamiltonians ho^, guiding functional 

There are a family of s.a. hamiltonians hooe given by eqs. f l2.32p . f l2.3ip (with substitution 
C — J- 6*, hof^ — )■ /looe)- A simple guiding functional ^eiCi is given by 

POO 

Jo 

.Ue{u- W) = Oi,oo('«; W) sinO + 02,oo{u; W) cosd. 
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Uo{u; W) is real-entire solution of eq. fl2.38p satisfying the boundary condition f l2.3ip . 
The spectrum of /looe is simple. 



2.25.5 Green function G0{u,v;W), spectral function cre^E) 

We find the Green function G0{u,v; W) as the kernel of the integral representation 



ijj{u) = / G0{u,v;W)ri{v)dv, r] G L 



2/ 



of unique solution of an equation 

Chooe - W)ij{u) = r]{u), ImW > 0, (2.39) 

for ip e Dh^^g. General solution of eq. fl2.39p (under condition ip G L^(]R+)) can be repre- 
sented in the form 

^{u) = a03,oo(w; W) - -Oi,oo(m; W)v3{W) + -I{u), v^iW) = I 03,oo(t^; W)7^{v)dv, 

^0 /^o Jo 

fU 



I{u) = 0,^oo{u;W) 0,,oo{v;W)7]{v)dv-0,^oo{u;W) Oi^oo{v;W)7]{v)dv, 
Jo Jo 

I{u) = O [u^/^lnu] , u^O. 
A condition ip e -D/iogg , {i.e.ip satisfies the boundary condition fl2.3ip ) gives 

cos 

-risiW), coe{W) =coooiW)cos9 + sm9, 



KoUJe{W) 

Geiu, v; W) = neiW)Ueiu; W)Ueiv; W) + 

If Ue{u;W)Uoiv;W),u>v 
^ «:o 1 Ug{u;W)Ue{v;W), u<v ' ^ ' ' 

ne{W) = CjeiW) = uooiW) sm9 - cos 9, 

ileiu- W) = Oi,oo(m; W) cos9 - 02,oo(«; W) sm9, 

where we used an equality 

03,oo(n; W) = -ueiW)Ueiu; W) - iUeiW)Ueiu; W). 

Note that the function Ug{u;W) is real-entire in W and the last term in the r.h.s. of eq. 
is real for W = E. For ag{E), we find 

a'glE) = - lmQg{E + iO). 

2.25.6 Spectrum 

E = p'^>0, K = p>0 In this case, we have Uoo{E) = iTT/2 + ipi^l) — ln(p/2Ko), such that 
we find 

/ 2 1 2 

""'^^^ " ^ [g{E) cos ^ + 2 sin 9]^ + cos^ 9 ^ 
g{E) = 2^{l)-\n{E/4Kl), 

the spectrum of /looe is simple and continuous for all > 0, spec/iooe = 1^+- 
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E = -r^ < 0^ K = ir = e'^'/V In this case, we have oJoo{E) = -0(1) - ln(T/2Ko). 
Let 9 = ±7r/2. In this case we find 

ag{E) ^ —ImuooiE + iO) = —lmuJoo{E) = 0, 

TTKq TTKq 

such that the spectrum points are absent on the negative ii^-semiaxis. 

Let 16*1 < 7i/2. In this case, an expression for (t'q{E) can be represented in the form 

a'aiE) — Im — ; -, . 

Because fe{E) = ^(1) — In(r/2/to) + tan^ is real, o-'q{E) can be different from zero only in 
the point £^(_)(6'), 

such that we have 



Finally we obtain: 



for e = ±7r/2, spec/ioo±7r/2 = the set {U±^/2e{u) = p±^/2(E)U^/2(u; E) = ■s/u/2Jo{pu), 
E e M+} of generalized eigenfunctions of /ioo±7r/2 forms the complete orthohonalized system 
in 

for 9 e (-7r/2, 7r/2)^pccAoo±./2 = M+ U {E^-){9)}, the set {U0e{u) = pe{E)Ue{u-E), 

/ 2\E (6)\ 

E e = Y KQCos^e ^^('"i -^(-)(^))} °f (generalized) eigenfunctions of /iooe forms 

the complete orthohonalized system in L^(]R+). 

Note that the results of this section can be obtained as limit A ^ of the corresponding 
results of previous subsec.3. 

Indeed, we have 

k=Q 



k=0 



lim 02,0 (m; W^jlA^o^^'? 



= {kou)'/^ [Jo{Ku) ln{Kou) + Q{z)] = 02,oo(«; W^)- 

Further, we have for (j'^{E) 

i) E>0, \n{Ko/>c) = m/4 + ln(Ko|A|-i/4), a = l/2-iE/A^\ = l/2 + e-'^/^E/A^\ = 
1/2+z, V^(a) = lna-l/2a + 0(a-2) = \nz+0{z-^) = -i7r/2 + ln(E/4)-(l/2) In |A|+0(|A|) 

cooiE) =m- ln(^/4/€2) + 27/'(l) + 0(|A|) ^ 
A{E) = 2V'(1) - + Om = 9{E) + 0(|A|), 

B{E)^l + 0{\\\), 
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ii) E = -r^ < 0, \n{Ko/x) = i7r/4 + ln(/«o|A|-V^), a = 1/2 + i\E\/4y/\X\ = 1/2 + 
e^'^/2^/4^A| = 1/2 + ^, 

V-la) = \na- l/2a + 0{a-^) = \nz + 0{z-^) = in/2 + ln(|E|/4) - (1/2) In |A| + 0(|A|), 
Im^(a) = n/2 -2e,6= {n/2) exp(-7r|E|/2v^), |A| = ^^^^ 

ujo{E) = 2^{1) - HE/4kI) + 0(|A|) + 2ze, 

A{E) = 2V'(1) - HE/^4) + 0{\X\), B{E) = 2£/7r, 

1 e 



TTKo ([V'(l) -ln(T/2Ko) +0(|A|]cOS'(? + Smi?)2 + £2cos2'(?' 

iia) i9 = ±7r/2 
We have 

iib) |A| < 7r/2 

Represent cr'^{E) in the form 



7rKoCos^i}[U{E) + 0{\X\]^ + e^' 
li E ^ then hm^-^-o cr^(-E')lA<o ~ 0. Represent (j'^{E) in the form 

"^^^^^ " 7r«o cos2 ^? [/;(£;(_) (^?)) A + A26(A) + 0(| A|)]2 + ^2 ' 
where A = - 6(A) = A-2[/^(E) - /;(E(_)(79))A]. It is easy to obtain 

^T-. - .,/^(^,_;(,))eos2/ (^) - -^^^^^^ = ■ 

iii) E^Q 
iii„) ^? = ±7r/2 

^;=±V2(+0)Ia=-o = ^^=±V2(^)Ia=-oL_,^o ^ 2^ = ^Uv2(+0)' 

<^;=±V2(0)lA=-0 = i^' 

<^k±./2(-0)|,_„ = a;^±./,(^)|,_4^_^ = = aU./2(-0). 
iiib) \^\ < 7r/2 

^;(+0)Ia=-o = ^;(^)Ia=-oU^+o = = ^^(+0)le=^' 
^^;(0)Ia=-o = 0, 

^;(-o)Ia=-o = ^;(^)Ia=-oU^-o = = ^^(-0)1^=^- 
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3 Quantum two-dimensional Coulomb-like interaction 
on a plane 

3.1 Preliminaries 

Let we have 

The Schroedinger equation 

{H - £)v]>(x, y,) = 0, = -dl - x-'d, - x-^dl + gx-\ 
is reduced to the radial equation 

Chm - =0,h^ = -dl + (2x)-2(m2 - 1) + gx'^ , (3.1) 

or 

dli,^{x) + (-^^^^^ - f + mm{x) = 0, (3.2) 

where h?£/2^ is complex energy, h'^g/2fi is the Coulomb couphng constant, hm are radial 
differential operations, 

£ = \S\e'P^, < < TT, Im£ > 0. 
It is convenient for our aims first to consider solutions more general equation 

dli^mix) + (- ^"^ Vr~^ - - + = 0' I'^l < 1- (3-3) 

Introduce a new variable 



2 = 2Kx, K = = vT^e^('^^-")/2 _ [sin(y?^/2) - i cos((/?^/2)] , 

= 2Kd„ dl = AK^dl, and new function 0(;z), ^(a;) = z^''^+\'^+^\'^e-^/^(l){z). Then we 
obtain 



zdl(t){z) + (/35 - ;2)9,0(z) - as(t){z) = 0. (3.4) 
as = 1/2 + \m + 6\/2 -w, w = -g/2K, Ps = 1 + \m + S\. 

Eq. (13. 4p is the equation for confluent hypergeometric functions, in the terms of which 
we can express solutions of eq. (13. 3p . We will use the following solutions: 

C,,mA^;S) = («:ox)^/'+l"^+'l/'e-^/2$(a5,/3,;z), 
C2,mA^;S) = r-i(/3_,5)(/s:ox)i/2-l™+^l/2e-^/2$(a_,5,/3_,,;z), 
Cs,mA^;£) = {Koxy/'+^"^+'^/'e-^/'^{as,Ps;z) = 

- £(d!Ii±^c,.,(.; s) + (^o/2ir)i-^-ir(|^ + .|)r(/3_,) ^^ ^3_^^ 

a_^s = 1/2 - |m + 6\/2 - w, /3_^s = 1 - |m + 5|, 
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where Kq is parameter of dimensionality of inverse length introduced in the file <0sc2-...tex>. 
Using relation GradRy.9. 212.1, we find 

C'i,^,5(^;^^)|;,^_;,= M'/'''l"^+'l/'e^/^$(l/2 + |m + 5|/2 + «;,^5;-^) = 

Similarly, we obtain C2,m,5{x;S)\j^_^_^ — C2,m,s{x;S). We thus obtain that the functions 
Ci,rn,s{x; S) and C2,m,s{x;£) are real-entire in £. 

3.2 \m\ > 2 

3.3 Useful solutions 

Represent C3^rn,5 in the form 

r ( P\ n (P\r ( c^ , (V2i^)l"+^lr(|m + ^|) ^ 
R r(-|m + <5|) (/.o/2X)l-+^lr(|m + (^|)r(^_,^) 



r(-|m + (5|) 

r(a_) 



r(Q;_) {Ko/2Ky"^r{a) 



a — ao — 1/2 + \m\/2 — w, a- — q;_,o = 1/2 — \m\/2 — w, ^ — — 1 + |m|. 

Consider Am,s{£) in more details. 
Let \m\ ^2k -1, k eN. We have 

fe-i 

(«:o/2ir)-H = {-4S/kI)\ko/2K), (1 - a),™, = --^(-4f J](/ + 4^/^), 

i=i 

fc-i 

(«:o/2i^)-H(l-a)|^l = -t,,^^^gl[{g' + m'). 

1=1 

Let |m| = 2k, k e N. We have 

fc-i 

(/.o/2i^)-l'"l = (-4£//.^)\ (1 - = (-4£)-^ nt^' + + V2)'], 

fe— 1 



such that we obtain that Ayn,si^) is real-entire polynomial function of £ and C^^^^x; £) is 
real-entire in £. 
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We obtain the solutions of eq. fl3.2p as the hmit 5 — )■ of the solutions of eq. f l3.5p : 
C4,mix;£) = limC4 5(x;£:), 

(5— >0 

(fi;o/2ir)l™lr(|m|) 



(_l)\m\+l 

BU£) = Brr,o{£) = 2^(3)Y{a ) ^"^^"-^ + "^^""^ + 2 ln(2ir/«:o)] • 
where we used relations. 



|m + (5| = |m| + Sm, = (5signm, T{—\m + S\) 



= 1 + 5m^{a.)/2, = 1 - 6m^{a)/2, {^o/2KY'- = 1 + 6^ln{^o/2K). 

r(Qi_,5) T{as) 

3.3.1 Asymptotics, x — )■ 

We have 

£:) = Ci,mas(x)(l + 0(x)), 

C4,m(a;; £) = C4,mas(a;) (1 + 0{x)) , 

C3,^(x; f ) = CUS)C4,mUx) (1 + 0(a;)) , Im^ > 0, 
C,,^U^) = («:oa;)i/2+|,n|/2^ C4,„as(x) = (Koa;)i/2-|H/2_ 

3.3.2 Asymptotics, x oo, Im£^ > {ReK > 0) 

Ci mix; £) = ^ 'AEl^-'e^-(l + O(x-i)) = ©(x-^'e^^'^^), 

r(a) 

Cs,Ux;S) = 4^'+l"'l/'(2ir)-"x"e-^"(l + 0(x-i)) = 0(x'"e-"^'^^) 

3.3.3 Wronskians 

T{a) 

3.4 Symmetric operator hm 

For given a differential operation hm (13. ip . we determine the following symmetric operator 

hm. 1 



hm ■ 



hmi^ix) = hmi^ix), W^p G Dh„ 
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3.5 Adjoint operator = h*^ 



^+ \d^+^ = /^J^(M+) = {^*, V'l are a.c. in R+, V*, Ki^* e 

3.5.1 Asymptotics 

I) x — >■ oo 

Because — >■ for large we have: [■0*, x*](x) — >■ as x — >■ oo, V'^*, x* £ ■ 
II) a; ^ 

Because hmi^^ e -^'^(1^), we have 

hmM^) = [-9^ + {2x)-\m^ - 1) + 52^-^* (2^) = ^(^), V e L2(R+). 

or 

(/i^ - £o)iIj*{x) = 77(x), 77(x) = r]{x) - £oil^*{x), fj e 

where Sq is an arbitrary (but fixed) number with ImSg > 0. General solution of this equation 
can be represented in the form 

ip^i^x) = aiCi^rnix; So) + a2C4,m(a;; So) + I{x), 
i^iix) = aiCl^{x;So) + a2C'^^^{x; So) + I'{x), 

where 

C4 (x" So) Ci (x' Sq) 

I(x) = 4,m , / Ci^^{y-So)f}{y)dy+ i-'" ' » / C4,m{y; ^o)f}{y)dy, 

Ko\m\ Jo Ko\m\ 

C (x" £^0) C' {x' So) 

I'(x) = 4,m ^ — / Ci,^{y;So)fj{y)dy+ ^'"^ ' — / C4,miy;So)fj{y)dy. 

Ko\m\ Jo Ko\m\ J^ 

We obtain with the help of the CB- inequality: I{x) is bounded at infinity and 

^, , / 0(x3/2), |m| > 3 w/ ^ / C>(xV2) > 3 



0(a;3/2Vh;^), |m| = 2 ' ^ ' \ 0{x^/^^A^), \m\ = 2 

The condition '0*(a;) G L2(M+) gives ai — a2 — for all \m\ > 2 such that we find 

. , , r 0(a;3/2), |m| > 3 , , / 0(xV2), > 3 

- \ 0{x^/'Vh^), \m\=2 ' ^^^'^^ " \ 0(a;V2Vh^), |^| = 2 ' ^ ^ ^^"^^ 

and a;^+(x*,V'*) = ^tii^*) = 0- 



3.6 Self-adjoint hamiltonian h 



mt 



Because ujf^+ {x*^'^*) — ^h+i'^*) ~ ^ (and also because Ci^rn{x',S) and C^^mix'jS) and their 
linear combinations are not s.-integrable for ImS 7^ 0), the deficiency indices of initial 
symmetric operator hm are zero, which means that h^ne — is a unique s.a. extension of 
the initial symmetric operator hm'- 

hm. : I = ""^-^^"^ . (3.7) 
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3.7 The guiding functional ^{^;S) 
As a guiding functional $(^; we choose 



r>00 

S) = I Ci,mix; £)i{x)dx, ^ e » = ^r(M+) n Dh 





mc 



Dr{a,h) = {ip{x) : suppV^ C [a,/3^], < 6}. 
The guiding functional $(^; is simple and the spectrum of /i^e is simple. 

3.8 Green function Gm{x,y; S), spectral function (Tm{E) 

We find the Green function Gm{x,y; S) as the kernel of the integral representation 

POO 

V^(x) = / Grnix,y;S)rjiy)dy, r] G L^iR+), 
Jo 

of unique solution of an equation 

{kmc - S)ij{x) = r]{x), lm£ > 0, 
for ip G Dh^^. General solution of eq. (13. 8 P can be represented in the form 
tp{x) = aiCi^rn{x] £) + a-iCs^rnix; £) + I{x), 

i{x) = ^^-"^^'f ^ rc,,Uy-,s)v{y)dy+^^^^^^ rcuy,nv{y)dy, 

^m[0) Jx ^m\^) Jo 



O (x^/^) , |m| > 3 
.x] , \m\ 



A condition ip G gives ai = = 0, such that we find 

^Tn\X-, i/i C J 



(^mi£) I Ci^rnix;£)C3^rniy;£)- X <y 

1 / Ci^rn{x]£)Ci^rn{y]£), X>y 



nm{£)Ci^m{x; £)Ci^rn{y] £) + 



to 



ml 1 Ci^rn{x]£)C4,,Tn{y]£), x<y 



ken, 



nm{£) = = ^m(^)[21n(«:o/2ii') - ^(a) - ^a.)], 

(2ir/^o)H(i-c,)|^l _ 
"^^^ " 2«or2(/3) 

^ 1 ^ f nt/((^7' + 4^/'), H = 2k-l, 

24'"l+^P(/3) I nto'[^' + 4^(^ + 1/2)'], |m| = 2k 
Im D^{E) = 0,WEe M. 

Note that the last term in the r.h.s. of eq. (13. 9p is real for £ = E. From the relation 
Cl^{uo;E)a'^{E) = - ImG™(uo - 0, + 0; E + zO), 

TT 

we find 

a'^{E) = -lmQ,n{E + tO). 

TT 
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3.9 Spectrum 

3.9.1 E ^p^ >0, p>0, K ^ -ip^ e-'^'/^p 
We have 



a = 1/2 + \m\/2 — iw, «_ = 1/2 — \m\/2 — iw, w = —g/2p, 



, . j coth(7rw) + 1, \m\ = 2n — 1 
TTUm{E) X j i + ^aj,h(7r^S), \m\ =2n 



We thus find 



, 1 r g[coth{ng/2p) - 1] nf=i'((^?' + ^El^), \m\ = 2k - I 

^ 24™I+Y2(^) \ [1 - tanh(7r^/2p)] nfo + ^1 + 1/2)'], |m| = 2^ 

_i_|m| |r(a)P(2p)He-^/^^ _ ^ 
= «o 27rr2(/3) = ^m(^), spec/i^e = M+. 

3.9.2 E = -r^ < 0, r > 0, /s: = r 
We have 

a = 1/2 + \m\/2 + ^/2t, q;_ = 1/2 - \m\/2 + ^/2t, 
ImQ^(£; + iO) = -2Dm{E) lT^{^P{a)\s^E+io ■ 

The function ■^'(q;) is real for £^ = £■ where IV"!")! < oo- Therefore, cr^(-E) can be not equal 
to zero only in the points ^^{a) — ±oo, i. e., in the points a — —n, n e Z+. 

g > In this case, we have a > and the equation a — —n has no solutions, i.e., 

'^'m{E) = 0. 

g <Q In this case, the equation a — —n has solutions, 

1^1 p f' ^n. 



1 + |m| + 2n' (1 + \m\ + 2n) 

9 



neZ+ 

We thus find 

= Q'J(E - En), Qn = VS\g\-W^D^{E^) = 



= {2TjKoy/'^\-^/\l^^^, specks, = {E^, n G Z+}. 
y 1 + |m| + 2n 

Finally, we find: 

i) 5 > 0. The spectrum of hmt is simple and continuous, spec/i^e = M+.The set of the 
generalized eigenfunctions {U^e — Pm{E)Ci^m{x; E) , > 0} forms a complete orthonor- 
malized system in L^(R+). 



29 



ii) g < 0. The spectrum of hmc is simple and has additionally the discrete part, 
spec/ime = ^+ U {En < 0, 77, G Z+}. The set of the generalized eigenfunctions {UmE{x) = 
Pm{E)Ci^m{x] E), E > 0} and the eigenfunctions {Umn{x) = QnCi^mix; En), n G Z+jforms 
a complete orthonormalized system in L^(]R_|_). 

3.10 m = l 

3.11 Useful solutions 

We obtain the solutions of eq. fl3.2p with m = 1 as the limit 5 — > of the solutions of eq. 
with m = 1: 



Ci,i(x; S) = Ci,i,o(a;; S) = KqXC ^/^^(a, 2; z), 
C4^^i{x\£) = limC4i5(x;£:), 

(5— >0 



2irr a 



= i?i,o(^) = 7^7^^ [^(a-) + ^(a) + 2\n{2K/Ko)] , 

1 1,5' 5' 
a; = l — 1L' = 1H , a_ = —to = . 

2ir' 2ir 

3.11.1 Asymptotics, s — )■ 

We have 

Ci,i(x;£) = Ci,ias(x)(l + 0(x)), 
C4,i(x;£) = C4,ias(x) (1 + 0(x2lnx)) , 

C3,„(a;;f) = [B,{£)Ci,iU^) + Ci(^)C4,ias(x)] (l + OixHnx)) , Im^ > 0, 
Ci,ias(a;) = Kox, C4,ias(a;) = 1 + (C - l)gx + gx\n{Kox). 

It follows from these results that any solutions are s.-integrable at the origion. 

3.11.2 Asymptotics, x ^ oo, Im£^ > {ReK > 0) 

T{a) 

Cs,iix;£) = /to(2ir)-"x'"e-^"(l + 0(x-^)). = ©(x'^e""^"^) 
We see that the function C3,i(a;; S) is s.-integrable for Im£^ > 0. 

3.11.3 Wronskians 

zKL (a) 
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3.12 Symmetric operator hi 

For given a differential operation hi fl3.ip . we determine the following symmetric operator 
hi, 



hi: 



hiip{x) = hitp{x), e Dh^ 



3.13 Adjoint operator hi = h\ 

^+ \ Dh+= Dl^(R+) = are a.c. in M+, ^„ G L2(M+)} 

3.13.1 Asymptotics 

I) X — )■ oo 

Because — )• for large x, we have: [ip*, X*]{^) — > as x — )■ oo, V'?/'.,,, x* ^ 
II) X ^ 

We represent the functions ip^: G Df^+ in the form 

7/'*(x) = CiCi^i(x; £:o) + C2C4,i(x; So) + I{x), 
i^Ux) = ciC[ i{x; So) + C2C4 So) + /'(x), 

where 

/(x) = '^4,i(a:,'go) /" Ci^m{y\So)fi{y)dy - '^^'^^^'^^^ f C^^miv, So)fi{y)dy, 
f^o Jo '^o Jo 

C'4i{x;So) r C[{x;So) r 

I (x) = — '■ / Ci^i{y; So)v{y)dy ■ / Ci^i{y]So)fi{y)dy. 

f^o Jo '^o Jo 

We obtain with the help of the CB-inequality that 

J(x) = 0(x3/2), I'{x) = 0(x^/2), X ^ 0. 

such that we find 

1p*{x) = CiCi,ias(a;) + C2C4,las{x) + 0{x^^^), 

ip'^ix) = ciC'i i^^{x) + C2C4 us(a;) + ^(x^/^), X ^ 0, 



and 



'^h+ii'*) = i^o{c2Ci - C1C2) = mo(c+c+ - c_c_), 
1 , 

C± = — =(Ci ± «C2). 

V2 
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3.14 Self-adjoint hamiltonians /ii^ 
The condition (■?/') = gives 

c_ = e^^^c+, 0<e<n, e = 0r^e = 7r, =^ 

CiCOsC = CssinC, C = 0- 7r/2, |C| < 7r/2, C = -7r/2 ~ C = 7r/2, 



or 



^(x) = Ctfj-M) + 0{x^/'), ij'ix) = C^'Jx) + 0{x'/'), (3.11) 
= Ci,ias(a;) sinC + C4,ias(a;) cosC- 



We thus have a family of s.a.hamiltonians /ii^^, 
( Du = hi) P D, +. ih sat 



Dh^^ = {'?/'€ -D/^+ , Tp satisfy the boundary condition fl3.1ip 



3.15 The guiding functional S) 

As a guiding functional we choose 



oo 



^0 

■ Ui,c,{.x] £) = Ci^i{x; £) sinC + 6*4,1(0;; cosC, 



Ui (^{u; £) is real-entire solution of eq. fl3.2p (with m = 1) satisfying the boundary condition 
The guiding functional <^i^c^{^]£W) is simple and the spectrum of /i^ is simple. 

3.16 Green function Gi^(^{x,y; S), spectral function cri^(£') 
We find the Green function Gi ,^(x, y; £) as the kernel of the integral representation 

/■oo 

V'(x) = / Gi,^(x, y- £)v{y)dy, v e i:'(K+), 

of unique solution of an equation 

Chi,c - £)i'{x) = r]{x), Imf > 0, (3.12) 
for ip G Dh^ ^ . General solution of eq. fl3.12p can be represented in the form 
ip{x) = aiCi^i{x] £) + 03^3,1(2;; £) + I{x), 

m = ^^'^^ r C,,,{y.£)v{y)dy+^^^^^ C,,,{y-£My)dy, 
I{x) = ^h^^ + O {x'/') ,x^0. 
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A condition ip G L^(M_|_) gives ai = 0. The condition ip G D^^^, i.e., ip satisfies the boundary 
condition (13. lip , gives 

1 . 

as = as C-i^i{y]£)r]{y)dy, 



Jo 

cosC fC\ f /■ ■ /- 

as = — , wi,^ = uJi^^{£) = ti cosC - smC, 



Using the relations 



^3^*3,1 — Cii — Cl,C) 

Ci,C = C*!,! sin ^ + C4,i cos C, 
C'l.C = Ci,i cos C — (^4^1 sin 



we find 



^m{£-) = 7777- 

wi,c(^) 

Note that the last term in the r.h.s. of eq. (13.131) is real for £ = E. From the relation 

Cl^{xQ-E)a'^{E) = -ImGi,c(xo-0,xo + 0;E + iO), 

TT 



we find 



a[AE) = —lmQi^{E + iO). 

TTKo 



3.17 Spectrum 
3.17.1 C = 7r/2 

First we consider the case ( = tt/2. 

In this case, we have Ui^t,i2{x]£) = Ci^i{x;£) and 

^i,./2(^) = — Im A(E + 20) = Im[^(a) + ^(a_) + 2 ln(2ir//s:o)]. 
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E — p'^ > Q, p > 0, K — —ip — e ^'"^'^p We have 

a — 1 — iw, q;_ = —iw, w — —g/2p, 
9 

2'KK, 



<./2{E) = :^[Im(^(a) + ^(a_)) - tt] 



^ (coth(7r^/2p) - 1) = pI,/,{E) 



E ^ -T^ <0, T > 0, K We have 

a = l + g/2T, a_ = g/2T, 
<^i,V2(^) = -^lm^{a)e=E+io- 

TTKq 

The function ip{a) is real for S = E where iV'lct)! < oo. Therefore, (^[^^^i^) can be not 
equal to zero only in the points '4'{a) = ±oo, i. e., in the points a = —n, n e 

g > In this case, we have a > and the equation a — —n has no solutions, i.e., 
= 0. 

g <Q In this case, the equation a — —n has solutions. 



2(1 + 4(1 + n) 

If 



Im.^(a) = - ^ ^5(i^_£^^„). 



n6Z+ 



We thus find 



27-3/2 

<^i,7r/2(^) = X] Ql,7r/2,n^(^-^l,n), Ql,7r/2,n = —7—; 

nez+ 

spec^i,^/2 = {^^i,„, n e Z+}. 
Finally, we find: 

i) 5' > 0. The spectrum of /ii,7r/2 is simple and continuous, spec/ii^7r/2 = M+.The set of 
the generalized eigenfunctions \U\^-kI2,e{.^) = Pi 7r/2(-^)^i,i(^' -^)' ^ 0} forms a complete 
orthonormalized system in L2(R_,_). 

ii) g < 0. The spectrum of /ii,,r/2 is simple and has additionally the discrete part, 
spec/ii^7r/2 = I^+U{6'i,„, < 0, n G Z+}. The set of the generalized eigenfunctions {f/i,7r/2,_B(a^) = 
Pl,7r/2(E)Ci,i{x;E), E >0} and the eigenfunctions {Ui^^/2,n{x) = Qi,-K/2,nCi,i{x;£i^n), n G 
Z_|_}forms a complete orthonormalized system in L2(M_|_). 

The same results for spectrum and eigenfunctions we obtain for the case C, — — 7r/2. 
Note that all results for spectrum and eigenfunctions can be obtained from corresponding 
formulas of the sec 2 setting there m — 1. 



34 



3.17.2 |C|<7r/2 

Now we consider the case |C| < vr/2. 

In this case, we can represent a'^ (_{E) in the form 

Im 

TTKo COS^ C /l,c(-^ + ^0) 



<c(^) = „„.2^ I"^ . .z. , .nN ^ /i,c(^) = /i(^) -tanC. 



E = p K = e ''■'^I'^p In this case, we find 

^■'^^ ' n {Ai{E) cos C- sin Cy + Bf{E)cos^C 

A,{E) = Re/i(E), B,{E) = lmf,{E) = ^[cotHng/2p) - 1]. 

g < In this case, a[^{E) > and is finite for E > 0, o"[^(0) > and is finite for 
spectrum of /i^ is simple and continuous, spec/ii^^ 



fi'l + ICI 7^ ) cind a[ a{E) has a behaviour 0{E ^^'^) as E ^ for g = ( = 0, such that the 



g > In this case, (7[^^{E) is given by eq. fl3.14p for E > 0. But now, -Bi(O) = and 
the denominator of expr. fl3.14p is equal to zero for = and C = Ci? tand = Ai{0) = 
{g / kq) \n{g / kq) , such that we should study the behaviour of a'i^{E) for small E in more 
details. We have 

= (g/^o) Hg/^o) - tanC + S/{3g^) + 0{£'). 
We see that if C 7^ Ci then (j[^^iO) = 0. But if C = Ci, we find 

3r72 1 Q„2 

= — — + 0(1) = -^^S{E) + 0(1), 

TTKo COS^ Qi E + tO Kq COS^ Qi 

and spechix, = M+ U {E(_)(Ci) = 0}. 

E = — < 0, T > 0, K = T In this case, we have 

ME) = -^[^(1 + g/2r) + tp{g/2r) + 21n(2r/Ko)] = 
2 /to 

= -^[tlj{g/2T) + 2\n{2T/Ko) + T/g], 

SO that ./i(-E') is real and cr^ (-{E) can be not equal to zero only in the points £'i^„(C) which 
are solutions of an equation 

/i,c(^i,„(C)) = or /i(^i,n(C)) = tanC. (3.15) 

We thus obtain 



.COsCiy W((i?l,n(C))' 

where A/i is some subset of integers, Afi G Z, and f'{Ein{C)) > 0. Because any _E < is 
solution of eq. fl3.15p for some (, f[{E) > for all E. Futhermore, we find: 

d^EUO = [f'i{EiAO)cos\]-'>0. 
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g > In this case, we have: fi{E) is a smooth function on the interval — oo < < 0; 
fi{E) increases monotonically from — oo to A{0) = {g / kq) ln{g / kq) as E run from — oo to 
— 0. We thus obtain: for C. € (Ci,vr/2), eq. f l3.15p has no solutions; and for any fixed 
C G (— 7r/2,(^i), eq. ( ]3.2ip has one solution _E'i^(_)(^) G (— oo,0) monotonically increasing 
from — oo to —0 as ( run from —7i/2 + tO Co ~ 0. 

g = In this case, we have fi{E) = — t/kq and eq. f l3.15p has no solutions for ( G 
[0,7r/2) and one solution i?i (_)(C) = — Kptan^C for any ( G (— 7r/2,0). 

g<0 In this case, we have: f,{E) = -M[^(_|(^|/2r) -r/|(7| +ln(2r//€o)]; /(^i,n±0) = 
=Foo, n G Z_(_; in each interval {£o,n-i,So,n), n ^ fi{E) increases monotonically from 
— oo to oo as run from £^i,„,_i + to Si^n — 0; in each interval £i_„), n G for 

any fixed ( G (— 7r/2, 7r/2), eq. (13.151) has one solution Ei^niC) monotonically increasing from 
Si^n-i + to Si^n — as C run from —n/2 + to n/2 — 0. Here we set = — oo. We find 




0, g>0,(e (Ci, n/2), or (7 > 0, C = ±n/2, = 0, C G [0, 7i/2) 
(-), g>0, CG (-vr/2,Ci] 
(-), g = 0, Cg (-vr/2,0) 
Z+, g<0, Cg [-7r/2,7r/2] 



where, for completeness, the cases C = ±7r/2 and £" = are included. 
Note the relation 

lim Si,n(C) = lim ^i,n+i(C) = £i,n, n G Z+. 

C^-7r/2 C->-'r/2 

Finally we obtain: the spectra of hi^c are simple, spechi^c^ = R_|_ U < 0, n E Mi}, 

the set {f/i,c,i?(a;) = pi,ciE)Ui,c{x;E), 'e G R+; f/i,c,n(x) = gi,c,nf/i,c(a;; ^i,n(C)}, ^ G M} 

of (generalized) eigenfunctions of /ii^^ forms the complete orthohonalized system in L^(]R4.), 

where 

( eq. (IXTD for ^ < 0, E > 0; 

pi^^(E) = i and ^ > 0, E > 0; 

[ lim£;_,+o Pi,Ci (^) for 50 0, E = 

3.18 m = -l 

Only modification which we must do is the following: the extension parameter for the case 
m = —1 should be considered as indendent of the extension parameter for the case m = 1. 
It is convenient to denote the extension parameter for the case m = 1 as C,(i) and for the 
case m = — 1 as C(-i)- 

3.19 m = 

3.20 Useful solutions 

For m = 0, eqs. (13.21) an d3.3l) are redused respectively to 

dliJm{x) + ( A - - + ^)i^m{x) = 0, (3.16) 
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and 



("2 -1 

dl^^{x) + ( - ^ + = 0, \b\ < 1. 



We will use the following solutions of eq. fl3.16p 

Ci,o(x;£) = Ci,o,o(x;£) = (/€ox)^/'e-^/2^(«, 1; 
C2,o(a;;£^) = 55Ci,o,5(a;; £^)|5^_^_o = 
= M'/'e~^/' ds<^{as,/3s;z)\s^^, + (l/2)Ci,o(x; ^) ln(«:ox), 

a = 1/2- w, LOoiS) = 2^(1) - ^ip{a) - \n{2K/Ko). 

3.20.1 Asymptotics 

X — )■ We have 



1 1 [a) i [a 

X — )■ oo, Im£^ > We have 



(1 + 0(x)), ImE> 0. 



Ci o(x; ^) = ° 1, / x-'^e^'fl + 0(x~^)) = Ofx-^-e"^^^), 

r(a) 

C3,o(x;f) = Ky'(2ir)-"x"'e-^"(l + 0(x-i)). = 0(x"'e-"^"^) 
3.20.2 Wronskian 

Wr(Ci,o, C2,o) = /«o/2, Wr(Ci,o, ^3,0) = 



T{a) 

3.21 Symmetric operator /ig 

For given a differential operation Kq = —d"^ — + | we determine the following symmetric 
operator /iq, 

3.22 Adjoint operator Hq = 

^ . = Dl^{R+) = {iP,,iIj'^ are a.c. in M+, 7/^,, /i+V^, G L2(R+)} 
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3.22.1 Asymptotics 

I) a; — 7- oo 

Because V{x) — as x — )■ oo, we have: ip*{^):'^'*{^)A'^*^4'*]{^) — J- as x — )■ oo, 
II) X ^ 

By the standard way, we obtain 

1p*{x) = CiMias(x) + C2M2as(a^) + 0{x^^'^ Inx), 

^p'^{x) = ciu[^^{x) + C2U2^{x) + 0(x^/^ Inx), 
Mias(a;) = (/^ox)^/^ M2as(a;) = (l/2)(/tox)^/Mn(Kox). 

For the asymmetry form Af^+{ip^:), we find 

= (/«o/2)(c^ci - crc2) = {iKo/2)(c^c+ - cTc,), 

3.23 Self-adjoint hamiltonians ^o,c 
The condition (■?/;) = gives 

c_ = e2^^c+, 0<e<7r, e = Or^e = TT, =^ 

CiCOsC = CssinC, C = ^ - 7r/2, |C| < 7r/2, C = -vr/2 ~ C = 7r/2, 



or 



^(x) = C^a,(x) + 0(x^/2lnx), = C^l,(x) + 0(x^/2 In x), (3.17) 

V'as(a;) = Mias(a;) sin C + M2as(a;) cos C- 



We thus have a family of s.a.hamiltonians Hq ^^, 



-^/loc ~ ^ satisfy the boundary condition f l3.17p 

3.24 The guiding functional $o,c(^; ^) 
As a guiding functional $o,c(^i^) choose 

$o,c(^;^) = / f/o,c(x;^)e(x)t/x, e e Do,c = A.(M+) n D^,^. 
Jo 

.Uo^(^{x]£) = Cifi{x;S) sinC + C2,o{x;£) cosC, 
Uo(^{u]S) is real-entire solution of eq. (13 ■2p (with m = 0) satisfying the boundary condition 

dsinD- 

The guiding functional ^q^(^{^]SW) is simple and the spectrum of /iq.c is simple. 
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3.25 Green function Go^(^{x,y; S), spectral function aQ^(^{E) 
We find the Green function Go^(^{x,y; S) as the kernel of the integral representation 

POO 

ijix) = / Go,c(, y; £)viy)dy, v e 

Jo 

of unique solution of an equation 

(/io,c - £)'ip{x) = v{x), Im^ > 0, (3.18) 

for ip G -D/iQC' General solution of eq. f l3.18p (under condition ip G L^(R+)) can be repre- 
sented in the form 

i^ix) = aCs,o{x; S) + ^^Ci,o(x; £)v3i£) + ^Hx), r^,{£) = H C^y, £)viy)dy 

1^0 1^0 Jo 

I{x) = C3fl{x]£) Cifi{y; £)r}{y)dy ~ Cifi{x] £) Czfl{y]£)ri{y)dy, 
Jo Jo 

I{x) = O {x^/^lnx) , X ^0. 

A condition ip G Dhf)^{i-e.ip satisfies the boundary condition fl3.17p ) gives 

r^(a)cosC 1 

" = ~n 77^V3{£), (^o,d£) = n^o{£) cosQ + smQ, 

^i^o^oxK'^) ^ 



Go,c{x,y]£) = no,d£)Uo,(;{x]S)Uo,(:{y;£)+ 

+ — I ^o,dx; £)Uo,c{y; £), x>y ,g 
f^oX Uo,<;{x]£)Uo,c{y;£), X <y 

^o,d£) = ^^"''^'-^j , a;o,c(^) = 7:^o{£) sinC - cosC, 

Uo^d^;£) = Ci,o(x;£)cosC-C2,o(a;;£^)sinC, 

where we used an equality 

r{a)C3,o{x;£) = 2uo,d£)Uo,d^;£) + 2uo,d£)Uo,d^-,£)- 

Note that the function Uq^(^{x;£) is real-entire in S and the last term in the r.h.s. of eq. 
flXTQ]) is real for W = E. For cr'^ dE), we find 

cr'^dE) = -lmnodE + iO). 

3.26 Spectrum 
3.26.1 C = n/2 

First we consider the case ( = 7r/2. 

In this case, we have f/o,7r/2 = Ci,o{x] £) and 



a',^^/dE) = -—lm[ij{a) + H2K/Ko)], 

' TTKq 
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E — p'^ > Q, p > 0, K — e ^'^/'^p In this case, we find 

^o,V2(^) = 7^ Ini[^(l/2 + tg/2p) = - tanh(7r5/2p)] = 

= Po,-k/2{E), specAo,V2 = 
E = — < 0, T > 0, K = T In this case, we have 

^o,V2(^) = Im V'la), a = 1/2 + ^/2t. 

> In this case, we have a > 0, and cr^^^^lE) — 0, spectrum points are absent. 

g < 0, a — 1/2 — \g\/2T In this case, we have 

°° 2t 

^0,n/2{E) = y.Qo,7:/2,nHE " ^0,n), Qo,n/2,n = / ^ =^^ 

n=o V'^o(l + 2n) 

1^1 c _ 



l + 2n' (l + 2n)2- 

Finally: we obtain: 

for g > 0, the spectrum /io,7r/2 is simple and continuous, spec/io,7r/2 = 1^+, and the set 
of generalized eigenfunctions {C/o,7r/2,B(2^) = Pq,-k/2{E)Ci^q{x]E), E e R+} forms a complete 
orthonormalized system in L^QR+); 

for (yf < 0, the spectrum /io,7r/2 is simple and contains continuous and discrete parts, 
spec^o,7r/2 — U {^o,n < 0, n G and the set of (generalized) eigenfunctions 

{Uo,^/2,e{^) = Po,7r/2(-£^)Ci,o(a:;;-B), E e R+; C/o,7r/2,n(2;) = Qo,7r/2,nC'i,o(x;£:o,n), n e Z+} 

forms a complete orthonormalized system in L^(M+). 

Note that there results for spectrum and the set of eigenfunctions can be obtained from 
the corresponding results of sec. 2 by formal substitution \m\ — >■ 0. 

The same results we obtain for the case C, — — 7r/2. 

3.26.2 Id < 7r/2 

Now we consider the case \C, \ < it/2. 

In this case, we can represent (Jq^^(£^) in the form 

^o,c(^) = ^-^Im .p. foAS) = /o(^) +tanC, 

TTKoCOS^C fo,c{E + iO) 

fo{S)^u;o{S)/2. 
E = p^ > 0, p > 0, K = e~*'^/^p In this case, we find 

/ / 7-l\ ^ Bq(^E) . . 

"^"'^^ ' " ^16(v4o(E) cosC + sinC)2 + 7r252(^) cos^C' ^^'^^^ 
^o(^) = Re/o(^), Bo{E) = (4/7r) Im/o(E) = 1 - tanh(7ry/2p). 
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g < In this case, Bq{E) > 0, WE > 0, and a'^^^E) > and is finite, such that the 
spectrum of /lo,^ is simple and continuous, spec/io,f = K+- 

g > In this case, (t'q^^{E) is given by eq. ( I3.20p for E > 0. But now, Bq{0) = and 
the denominator of expr. fl3.20p is equal to zero for = and ( = (q, tani^o = ~^o(0) = 
(1/2) ln(5f/Ko) — ^/'(l), such that we should study the behaviour of aQ^^{E) for small E in 
more details. We have 

/o,c(^) = tan C - [(1/2) Hg/Ko) - ^(1)] + ^/(12/) + 0{S'). 

We see that if C 7^ Co then crQ ,^(0) = 0. But if C = Co, we find 

a'(E) = Im— ^ + 0(1) = 5(E) + 0(1), 

' TTKocosHo E + iO ^ ' KoCos^Co 

and spec/^cco — ^+ ^ {-^(-)(Co) = 0}. 

E = —T^ < 0, r > 0, K = T In this case, we have 

fo{E) = ^(1) - 1^^(1/2 + g/2r) - ^ ln(2r//to), 

so that ./o(-E') is real and aQ^{E) can be not equal to zero only in the points -Eo,n(C) which 
are solutions of an equation 

/o,c(^o,n(C)) = or foiEoAO) = -tanC- (3.21) 

We thus obtain 



COS CI V «^o/o(^0,n(C))' 



where Aq is some subset of integers, A/q G Z, and /'(i?o,n(C)) > 0. Because any < is 
solution of eq. fl3.2ip for some C, /o(-E') > for all E. Futhermore, we find: 

d^EoAO = -[/:(i5o,n(C))cOs2C]-^ < 0. 

g > In this case, we have: fo{E) is a smooth function on the interval —00 < E < 0; 
fo{E) increases monotonically from —00 to A{0) = ipil) — ^ln{g/Ko) as E run from —00 
to —0. We thus obtain: for C G (~^/2,Co)? eq. f l3.2ip has no solutions; and for any fixed 
C € (Co,7r/2), eq. fl3.2ip has one solution £'o,(-)(C) ^ (~oo,0) monotonically increasing from 
—00 to —0 as C run from tt/2 — tO Co + 0. 

= In this case, we have fo{E) = ■ip{l) — ^ip{l/2) — iln(2r/Ko) and eq. (13.210 has 
one solution £^o,(-)(C) = (/t2/4)e4^(i)-2'^(i/2)+4t'^-f. 
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^ < In this case, we have: fo{E) = -iV^(l/2- |c/|/2r) -i ln(2r/fi:o); /(^o,n±0) = 
TOO, n G Z_|_; in each interval {£o^n-i,^o,n), n G Z4., fo{E) increases monotonically from —00 
to 00 as £^ run from £^o,n-i + to £^o,n ~ 0; in each interval {So^n-i,£o,n), n £ Z+j for any 
fixed ( G (— 7r/2, 7r/2), eq. ( 13.2ip has one solution i?o,n(C) monotonically increasing from 
£o,n~i + to So^n — as C run from n/2 — tO -tt/2 + 0. Here we set £^0,-1 = —00. We find 

r 0, (7>0, Ce (-7r/2,Co)or(?>0, C = ±7r/2 

.r _ ) (-), 9>0, Ce [Co,vr/2) 

° 1 (-), ^7 = 0, CG(-7r/2,7r/2) 

[ Z+, g<0, Cg [-7r/2,7r/2] 

where, for completeness, the cases ( = ±7i/2 and E = are included. 
Note the relation 



lim Eo,n{() = lim -Eo,„+i(C) = ^^o,n, n G Z+. 

f— 5>— 7r/2 

Note also that all results for spectrum (and for eigenfunctions) in the case g = Q can be 
obtained by the formal limit — )■ in the cases (7 > or (7 < 0. 

Finally we obtain: the spectra of h^ t^ are simple, spec/io,( = 1R+ U {E^ niO < 0, n G A/q}, 

the set {t/o,c,i?(a;) = Pq,c{E)Uo^c{x\ E), E G M+; f/o,c,n(a^) = Qccnf^ccl^^! ^o,n(C)}, ^ ^ A^o} 

of (generalized) eigenfunctions of /io,c forms the complete orthohonalized system in L^(]R_|_), 

where 

( eq. (Km for ^ < 0, E > 

Pq,c{,E) = < and g > 0, E > 0, 

[ \imE-^+oPo,dE), for 51 > 0, E = 



3.27 List of coincidences 

Make the following identifications 

u = \/ x/ kq, W = —4:Kog, A = —AkIS, 
X = kqu^, £ = -X/AkI, g = -W/Akq, =^ 



K = v^/2/to = xV2ko, Vk = x/v^, k^/x^ = ko/2K, 

Wo, ac = ao, ac- = ao-, f3c = Po, 



z = P, y/9 = V-W /2v^ 
9 W 



Wc 



2K 4VX 



Ec>0, K = -i\fE^, A < 0; = 
9 9 Eo 



Wc = —IWc = I 



2K 



2^E^ 4v^ 



Eo 

% — ^ = Wo 
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3.28 \m\ > 1 

We find 



Ck,m{^; £) = ikou)'/^Ok,m{u; W), k = l,A, 3. 



^OmiW) = = = CcUn, 

WOm(W^) = 2Ko\m\Com(W) = 2Ko\m\Ccm{S) = 2uJCm{£), 
(-l\\m\+l 

BomiW) = ) ( [tAK-) +^(«o) -41n(/s:o/x)] = 

^ ' 'ij{ac-)+^{ac) + 2\n{2K/Ko)] = Bcm{S). 



2T{l3c)T{ac 



3.29 m = 



Ck,o{x; £) = {huf'^Ok,o{u; W),k = 1,2, 3, 

Ucd^-£) = {k,uY'^Uoc{u;W), Ucx{x;£) = {kouy/'Uodu;W). 



cocoiS) = 2^(1) - ij{ac) - H2K/ko) = 
= 2^(1) - ^{ao) + 2 ln(/€o/x) = ujooiW), 

4 Conclusions 

As we found, two dimensional oscillator and coulomb problems on pseudoshpere are described 
by the same equations in terms of the variables a and /3 This means that each point of the 
spectra of one of these theories corresponds a point of the spectra of the other theory, i.e. 
there is one-to-one correspondence between points of the the planes Eq, A and Ec,g- 
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